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Abstract 


We find the exact lower bound of the discrepancy of shifted Niedereiter’s sequences. 

To cite this article: A. Noml, C. R. Acad. Sci. Paris, Ser. I . 

Resume 

Sur la limite inferieure de la discrepance de {t, s) sequences : I 

Nous trouvons une limite inferieure de la discrepance de sequences decales de Niedereiter. 
Pour citer cet article : A. Noml, C. R. Acad. Sci. Paris, Ser. I . 


1. Introduction 

Let ((x„)„>i) be an s-dimensional sequence in the unit cube [0,1)®, J-f = [0,7i) x • • • x [ 0 , 7 s) C [0,1)®, 

A((x„))yi,X,,) = l(x„, J^)-iV 7 i... 7 s, (1) 

0<n<N 

where l(x, J) = 1, if x S J and l(x, J) = 0, if x ^ J. We define the star discrepancy of a A-point set 
Wn)n=l as 

D*{{^X=i)= sup |A((x„))yi,J^)|/iV. 

0<7i,...,7s<l 

Let ((x„)„>i) be an arbitrary sequence in [0,1)®. According to the well-known conjecture (see e.g. [1, 
p.67], [3, p.32]) _ 

lini^^ooiV(ln7V)-®ny(x„)))yoq > 0. (2) 
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Definition 1. Let b >2, s >\, and 0 <u <m be integers and let e = {ei, - • ■ , Cg) G N®. A (u, m, e, s)- 
net in base b is a point set V of 6 ™ points in [0,1)® such that every subinterval J C [0,1)® of volume 
Vol(J) > 6 ““™ which has the form J = integers di >Q, Q < Oi < b‘^' 

and ei\di for 1 <i < s, contains exactly &’"Vol(J) points ofV. 

If e = (ei, Cs) = (1,1), we obtain a classical (m, to, s)-net. For x = ^jPi^ i where Xi G = 
{0 ,6 — 1} and to € N, we define the truncation [x\m = X]i<j<m Xjb~L If x = x^®^) G [0,1)®, 

then the truncation [x]m is defined coordinatewise, that is, [x]m = [a;^®^]m)- 

Definition 2. Let b > 2, s > 1, and 0 < u < m be integers and let e = (ei, • • • , eg) G N®. A sequence 
Xo,xi,... of points in [ 0 , 1 )® is a (u, e, s)-sequence in base b if for all integers k >0 and m> u the points 
[x„]m with kb^ < n < {k + !)&’” form a {u, to, e, s)-net in base b. 

If e = (ei,...,es) = (1, • • • ,1), we obtain a classical (u, s)-sequence. For x = '^j^iXipf^, and 7 = 

X]j>i where Xi,ji G Z/,, we define the (&-adic) digitally shifted point v by v = x (Bj := X]j>i 
where Vi = Xi + mod b) and Vi G Z^. For higher dimensions s > I let 7 = ( 7 ^^^ 

[0,1)®. For X = ...,a;^®i) G [0,1)® we define the ( 6 -adic) digital shifted point vbyv=x ©7 = 

© 7 *^^\ ..., a;(®i © 7 ^®^). For ni, n 2 G [0, fe™), we define ni © 712 := © n 2 /b'^)b'^. 

For X = where Xi G Zi,, Xi = 0 (i = 1,..., k) and Xk+i 7 ^ 0 we define the absolute valuation 

||.||f, of X by ||x||j, = b~^~^. Let ||n|[f, = b^ for n G [&^, 6 *+^). 

Definition 3. A digital point set (x„)o<n<b"» in [0,1)® is d—admissible in base b if 

S 

min |[x„ © Xfc||. > where ||x||i := TT . (3) 

0<fc<n<&'" “ " "0 J. J. II ^ 

“ i=l 

A sequence (x„)„>o in [0,1)® is d—admissible in base b 7 /inf„>fc>o ||n © ||x„ © x^Hj, > b~‘^. 

By [3, p. 60] ND*{{l3n)nZQ ) = 0((lniV)®) for every (t, s)-sequence (/3„)„>o- In this paper we prove that 
this estimate is exact for digitally shifted d—admissible (t, s) sequences and in particulary for digitally 
shifted Niederreiter’s sequence (see e.g. [l]-[4]). This result supports the conjecture (2). In [2] we prove 
that {t,s) sequences from [1, Section 8 ] are d—admissibles. 

Theorem 1 . Let s > 2, d > 1, Em = {[y]m I d G [0,1)}, (x„)o<n<&"‘ be a d—admissible {t,m,s) net in 
base b, m> 9(d + t){s — 1)^. Then 

^ax &’”F)*((x„ ©w)o<„<&m) > 6 “''iF^®+V®“^ with Kdu,s = 4(d + t)(s - 1)^. 

Theorem 2. Let s > 1, d > 1, (x„)„>o be an d—admissible {t,s) sequence in base b. Then 

1+ min max iVD*((x„ 0 Q © w)o<„<Ar) > , iTO® for m>9{d + t)s‘^. (4) 

0 <Q<b™ l<Af<&”.wG£;^ - a,t,s+L 

Theorem 3. Let s > 1, (x„)„>o be a generalized Niederreiter sequence with generating polynomials 

pi, ...yPg, (see [1, p.266], [4, P- 242]), e^ = deg(pi) 1 < i < s, eo = ei H-h e^, d = cq, < = eo - s. Then 

(4) hold. 
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2. Proof 


Lemma 1. Let s >2, d>\, (x„)o<n<h"‘ be an d—admissible (t,m,s) net in base b, do = d + t, e € N, 
0 < e < { 2 doe{s — 1 ))“^, m = [me], m^ = 0 , rhi = doem (1 < i < s — 1 ), rhs = m — {s — l)mi — t > 1 , 
rfis = rhs + m-i, Bi C {0,rh — 1} (1 < i < s), w G and let 7 ^*^ = 7fV&+-+7^!A™S 


7^*^ j ^ = 0 for 1 < Ji < 

'mi+do(jie+ji)+ji 


j r ^ = 1 for 3i= do, 

'mi+do{jie+]i)+]i •' 


and ji G {0,m — 1} \ Bi, 0 < ji < e, 1 < i < s, 7 = ( 7 *-^^ 7 *-®^), B = #-Bi + ... + =f^Bs. Let there 
exists no G [0, h"^) such that [(x„(, © = 7 ^*\ 1 < * < s, and m > 4e ^(s — 1)(1 + sB) + 2t. Then 


A := A((x„ ©w)o<„< 6 ™,Xy) <-6 '^(ee( 2 (s - 1 )) 


+ &*+®(ioeSm®-2. 


^ Proof. Let r = (n, ...,ri) G N^, tq = riH-hr*, A = {r \ I < n < rhi, i = 1, ...,s and ^ 0}, 

A = {y £ A\3i £ [1, s] : [(n - fhi - l)/{doe)] G Bi}, = {r G A j ro < m -_t}, A 2 = {r G A (7 A | ro > 
m — t}, As = {r G A \ A I m — t < ro < m + d} and 2 I 4 = {r G A \ A j ro > m + d}. We have 
A = A 1 UA 2 UA 3 U A 4 . Let 

= n [ 0 : 7 ^*^) and Jv,-t,s= JI [[7^*^]n-i + 5*^”’’% [7^'^]n-i + (ff* + ■ 

Similarly to [3, p. 37,38], from (1) we have that A = Ai + A 2 + A 3 + A 4 , where 

= X! ^ ^r, 7 ,g and ^ (l(x„ © W, Jr,-y,g) - 6 “’’°). 

0 <Si< 7 ^‘.\ l<i<s 0 <n<b”‘ 

Consider Ai. Bearing in mind that (x„ ©w)o<n<b™ is a {t, m, s) net, we obtain d^r.^.g = 0. Hence Ai = 0. 
Consider A 2 . It is easy to verify that A 2 < 6 ‘+'*“^doeSm®“^. 

Consider A 3 . We see that ro G (m — t,m + d). Hence rg = ro — ri — ... — rg-i > m — t — {s — l)rhi = rhs. 
Taking into account that 'jrf ^ 0 and [(7 — rhi — l)/(doe)] ^ Bi, we get ri = rhi + doji with some ji > 1, 
1 < i < s. Hence 

ro = Ti H-h rs = rhs + do(ji H-h Js) = m - t + do(ji H- js - (s - l)erh) > m-t. 

Thus ro > m — t + do = m + d. We have a contradiction. Hence H 3 = 0 and A 3 = 0. 

Consider A 4 . Suppose that l(xfc©w, Jr, 7 , 0 ) = 1 for some k G [0, &”®) and ro > m+d. Then [(xfc©w)(®)]ri = 
[ 7 ^*^]^ — b~'^\ * = 1, s. Hence 0 4=0 for j G [1, ri), i = 1, ..., s. Therefore 

^ b~'^' for i = 1 , s and ]|xfc 0 x„o ||^ < 6 “®'° < 6 “™“'®*. 

^ b 

By (3) and conditions of the lemma, we have a contradiction. Thus l(xfc © w, Jr, 7 , 0 ) = 0. 

We have A 4 < — X]reA 4 b"^~'~°. We derive A 4 < —b~^jfAo with H 5 = {r G A 4 | ro = m + d}. 

Let ji G {0,..., rh - 1} \ Hi, ji G [0, e - 1] and n = rhi + do{eji + ji + 1) for i G [1, s]. By (5), we get 
yfo = 1 for r G [1, s]. Hence H 5 A Ao, where 

A = {r I ro = m + d, r* = fhi + do{eji + ji + 1), ji G {0, ...,rh - 1} \ Bi, ji G [0,e - 1], i G [l,s]}. 
Let ji = eji + ji + 1, for r G [1, s]. We have 

ro = fhs + do(ji + ... + js) = m — f + do(ji + ... + js — (s — l)erh) = m + d with do = d + t. 

Hence js = (s — l)erh + 1 — ji — ... — js-i. It is easy to verify that js G [1, erh] for ji G [rh — hi, rh — 1], 
for r G [1, s — 1], with hi = [rh/(s — I)]. Thus jfAe > # 7 l 7 , where 
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^7 = {(j'l, js-i) I ji = eji + j* + 1, ji e jie[ 0 ,e-l], ie[l,s], 

€ [m - m,m - 1], ie[l,s-l] and js = {s - l)em + I - ji - ... - js-i}- 
We obtain #^7 > #As — , where 

A = = ej, + % + 1, j* € {m-rri, ...,TO - l]\B,,'ji e [0,e- 1 ], [l,s - 1 ]}. 

Therefore 


#^86 I 1 < ji < ni-1 < i < s - 1} > (m - ^ 

= — B/my~^ > — (s — l)B/m) > (^me{2{s — 1 ))“^)^ ^ — (s — l)Bm'^~^ 

for m > 4e“^(s — 1)(1 + sB) + 2t. Therefore A < —&“‘^(ee(2(s — 1))“^)* + b*^^doeBm^~^ . 

Thus Lemma 1 is proved. □ 


Proof of Theorem 1. Using Lemma 1 with s = s, Si = 0 (1 < i < s), B = 0, e = 1, e = (2(s —l)(io)~^; 
no = 0, and w = [7 © xo]m, we obtain the assertion of Theorem 1. □ 

Proof of Theorem 2. According to [3, Lemma 3.7], we have 


1 + sup AT)*((x„®q©w)^^o^) > 6 ™D*((x„®Q©w,n/&’”)^“o^) 

l<N<b"' 


= &’”I?*((x„©w,(n0Q)/6™ 


n=0 )■ 


By (3) and [1, Lemma 4.38], we have that ((x„,n/ 6 '")o<n<b”‘) is a d—admissible {t,m,s + 1)—net in 
base b. Using Lemma 1 with s = s+ 1 , = njb™', = 0 (1 < i < s +1), B = 0, e = 1, e = (2sdo)~^, 

no = Q (B and w = ([( 7 ^^^ ..., 7 ^^^) 0 :>ino]m, —Q/b"^), we get the assertion of Theorem 2 . □ 

Lemma 2. Let (x„)„>o be a (0,e, s) sequence in base b. Then (x„)„>o is eo —admissible. 


Proof. Suppose that (x„)„>o is not a eo admissible. Then there exists u-o > /cq > 0 with |]no © koW^, 
x||x„o©Xfco||j < Let |lno©A:o||f, = b^, and let Xnl Q ^ {i = l,...,s). Hence 

K := d- J2i<i<si^^ + 1) +eo + 1 < 0. Let d, = [di/ej]ei > d* - e* + 1, Oi = [xnoJdt^'^' ^ 

J (oi + 1)6“^'*). We have x^^lj = x^^^j for all j G [l,di], i G [l,s]. Hence Xn„,Xko G J- 

We derive 

0>K = d+ l— ^ (di — Ci + 1) > d + 1 — ^ di, and 1 > 5‘^''‘^Vol( J). (6) 

l<i<s 

Let no = hob‘^~^^ +rib where rib G [0, b‘^~^^). It is easy to see that ko = nob‘^~^^ + ko with some ko G [0, 6'*+^). 
Hence no,ko G [ho6'*+\ (ho + 1)6''+^) =: W. Thus J) > 2. Bearing in mind (6), we obtain 

that (x„)„>o is not (0,e, s) sequence. We have a contradiction. Hence Lemma 2 is proved. □ 

Proof of Theorem 3. Let e = (ei,...,es). By [4] and [1, p.266], we have that (x„)„>o is a (0,e, s) 
and (eo — s, s) sequence. Applying Lemma 2 and Theorem 2, we obtain the assertion of Theorem 3. □ 
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